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TRANSONIC LAMINAR BOUNDARY LAYERS WITH 
SURFACE CURVATURE* 

LLOYD H. BACK 

Jet Propulsion Laboratory Pasadena, Cahfornia, U.S.A. 

(Received 16 February 1971 and in revtiedform 13 Jane 1972) 

Abstract-The effect of surface curvature (both longitudinal and transverse) and the associated pressure 
gradient across the flow is investigated analytically for a laminar boundary layer subjected to pressure 
gradients along the flow. Property variation which results from heat transfer and compressibility is taken 
into account. Numerical solutions of the boundary layer equations are obtained for locally similar sonic 
flow through the throat of a nozzle for a range of flow conditions and for various shaped nozzle surfaces 
with dilferent amounts of wall cooling. A few solutions were also obtained for the analogous flow around 
the shoulder of a flat-faced body in a supersonic flow. The effect of various parameters that arise in the 
equations upon application of the Levy-Mangler transformation are investigated and discussed with 
respect to their influence on the velocity and total enthalpy profiles and the corresponding profile slopes 
at the surface to which the shear stress and heat transfer are related. An important timding is that at throat 
Reynolds numbers less than 10s the heat transfer parameter at a nozzle throat decreases as the throat radius 

of curvature decreases. 

NOMENCLATURE 

nozzle cross-sectional area; 
density-viscosity product ratio, up/ 

P&J ; 
friction coeficient ; 
nozzle diameter; 
dimensionless velocity, u/U,; 
friction parameter; 
dimensionless total enthalpy, Ht./H,,; 
cooling parameter, H,,jHto; 
dimensionless total enthalpy difference 

(g - Q/(1 - s,J = Wt - EI,)/W,, - 
H& 
heat transfer parameter, gL/(l - g,,,); 
enthalpy ; 

‘total enthalpy, H + u2/2; 
thermal conductivity; 
surface curvature parameter, equation 
(1% 

* This work presents the results of one phase of research 
carried out in the Propulsion Research and Advanced Con- 
cepts Section of the Jet Propulsion Laboratory, California 
Institute of Technology, under Contract NAS7-100, spon- 
sored by the National Aeronautics and Space Administra- 
tion. 

e, 
M, 
P, 
pr, 
4 IV’ 

rt 
r 

C’ 

i 

Rk,, 
S, 
St, 
r 
u, 0, 

u, v, 
X, 

% 

Y, 

BI 

i a:, 

mass flow rate; 
Mach number; 
pressure; 
Prandtl number; 
heat flux to surface; 
channel or body radius; 
nozzle throat radius of curvature; 
shoulder radius of curvature; 
cylinder radius; 
throat Reynolds number, (pO UOD/~o)th T 
flow speed parameter, equation (13); 
Stanton number: 
temperature; 
components of velocity parallel and 
normal to surface; 
free-stream velocity components; 
distance along surface; 
length defined in equation (17); 
distance normal to surface; 
free-stream velocity . gradient para- 
meter, equation (13); 
specific heat ratio; 
velocity boundary layer thickness; 
thermal boundary layer thickness; 
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til- dimensionless coordinate normal to 14--m : i 

surface in transformed plane, equation IZ 
(10): 

8, angle, Fig. 2; 
x surface curvature; 

cc> viscosity; 
i” -7 coordinate along surface, equation (10); 

P, density ; -- w3ne t&w. , : 0 
0, convergent half angle of nozzle : 
r WY surface shear stress. 

~~b~cri~ts 
aw, adiabatic surface condition; 0 ! U/i ,: 3 5 10 15 20 ?? 30 
i. inlet condition; 
0, irrotational flow condition along sur- 

R0tio ot VVoot ,Odl”S 01 c”r”a+“te +0 thraa” r”dl”l. ;ii 

face: FIG. t. Pressure gradients in the circufar arc throat of a 
L stagnation condition; supersonic nozzle. The predictions are from the first approxi- 

th, throat condition; 
mation in the Hall solution [ 11. y = 1.2. 

IV, surface condition. 
i i 

1. INTRODUCTION 

IN THIS paper the effect of surface curvature 
(both longitudinal and transverse) on the shear 
stress and heat flux in Iaminar boundary layers 
is investigated analytically in the transonic 
region where the surface is usually curved and the 
heat transfer is often the highest. Specific 
examples of practical interest include nozzle 
throats and shoulder regions of blunt nosed 
bodies. Some idea of the relative magnitude of 
the pressure gradient across a curved flow com- 
pared to that along the flow is shown in Fig. 1 
for isentropic flow through a nozzle with a cir- 
cular-arc throat [l]. For rocket nozzles where 
the ratio of throat radius of curvature to throat 
radius rJrt,, is of order unity, the pressure gra- 
dients are roughly the same in either direction. 

After formulation of the problem, flow in the 
throat region of a nozzle is studied by obtaining 
similarity solutions for transonic flow of a 
perfect gas. Of specific interest is whether surface 
curvature increases or decreases the throat heat 
transfer and by how much. Such information 
is useful for example in rocket engine applica- 
tions where nozzles with comparatively small 

radius of curvature throats and relatively steep 
convergent sections are presently being con- 
sidered because they are shorter, weigh less and 
have a smaller surface area (and hence a lower 
total heat load). Attention is focussed on a 
laminar boundary layer because in previous 
nozzle heat transfer investigations [2, 3] it was 
found that steep convergence sections are 
advantageous for maintaining a laminar boun- 
dary layer or for iaminari~ng inlet turbulent 
boundary layers because of flow acceleration 
even though the Reynolds numbers may be 
fairly large, e.g. Re, of 105-106. A small throat 
radius of curvature would also appear to be 
advantageous even if the boundary layer were 
turbulent since turbulence is apparently sup- 
pressed in flow over a convex surface [4]. A few 
calculations are also made at a shoulder of a 
flat-faced body where the boundary layer is 
usually laminar. 

2. ANALYSIS 

The laminar boundary layer equations for 
steady flow of a perfect gas along a curved 



surface are as foliows: 

continuity : 

x-momentum: 

y-momentum : 

pm2 = (1 + xy) f!E ay 
energy : 

In these equations u and o are velocity com- 
ponents parallel and normal to the surface 
in the x and y direction, respectively, x is the 
surface curvature and 0 is the angle between the 
surface normal and body height (Fig. 2). The 
equations apply to axis~metric flow with j = 1 
and to flow over a plane surface with j = 0; for 
internal and external flows, i = - 1 and 1, 
respectively. The equations are consistent with 
retaining terms involving x, ij cos e/r and include 
the effects of both longitudinal and transverse 
curvature. From the y-momentum equation, 

For a surface impervious to flow and at a 
specified temperature so that the enthalpy at 
the surface is known, the surface conditions are 

aty = 0;~ = tt = 0, H, = H w* 

The external boundary condition for the total 
enthalpy for an adiabatic freestream flow is 

The velocity boundary condition is specified by 
applying the x-momentum equation in the free- 
stream where viscous effects vanish 

representing a balance between the pressure 
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forces and centripetal acceleration, the role of 
surface curvature is clear (Fig. 2), e.g. for convex 
surfaces, x is positive and the pressure increases 
outward from the surface. 

Convex surfaces : K z 0 

External flow Internal flow 

FIG. 2. Surface conjurations and coordinates. 

Equations (l)-(4) are coupled equations for 
p, u, v, H,, p and p when the surface shape is 
given, i.e. r, x and 8 are known. Specification of 
a viscosity relation ,u(T), Prandtl number, pres- 
sure along the surface and boundary conditions 
complete the formulation. 

as Y + co, H, + H,, const. 
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The second and third terms in equation (2) were The equations are transformed from the x. 
combined into one term as given in equation (5) coordinates to the <, q coordinates by using 
since this term is one part of the irrotational generalized Levy-hlanglcr transformation 
condition for isentropic free-stream flow P 

? 
a 

av a 
- = $(l 4 xy)U]. 
ax _a 

ycosti 
l+[j---- p d.v; 

I 

0 

By taking the irrotational relation to be satisfied 
in the following sense 

;:1!1 + XYWI = 0 
.I 

(6) 0 

Introduction of the stream function to satisfy the 
the x-momentum equation (5) reduces to its continuity equation and carrying out the trans- 
usual form except that both the velocity U and formation gives the following x-momentum 
pressure p depend on y as well as x and energy equations 

(7) 

The external boundary condition 
equation (6) then becomes 

on 24 from 

as y -+ co, u -+ U where U is determined from 

(1 + xy): + xU = 0. (8) 

The pressure distribution is taken to be that 
associated with the external flow field and is 
obtained from the y- and x-momentum equa- 
tions (3) and (7) since the velocity U from 
equation (6) becomes =29 

i ! 
(11) 

_ 

uo (J=------- 
1 f xy 

where U, is the velocity along the surface for 0 

irrotational flow. This formulation though 
approximate is nevertheless consistent with the 
spirit of boundary layer theory since the bound- 

+K l+y 
C 

2ijcosd 

jr 

c1 ti .t ,SP_ 
-- 

~&)Pf L P* 

ary layer development is governed by the 
external flow field that is impressed on the fluid 
in the region near the surface, e.g. see Schultz- 

x (I - $Y] - X+$1.)‘] 

Grunow and Breuer ES] for an analysis for 
constant property, incompressible flow. The 
specific pressure distribution for transonic flow 
is considered in Section 3. 

+ + + .(, + !!j$!!!~/~dV] 

0 
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(12) 
In these equations which are consistent with 
retaining terms involving x, ij cos O/r the velocity 
and total enthalpy have been normalized as 
u/U, = f’ and HJH, = g, respectively. The 
primes denote partial different~tion with re- 
spect to q. The following abbreviations for 
quantities have been used: 

c =p;;*;8= y!.!$;K=$q-; 
IJPOLO 

U2 (13) 
S=$- 

t0 

The boundary conditions are as follows : 

at the surface r,~ =O;f=O,f’=O,g=g,(<) 

in the free-stream q -+ co ; 

0 

The heat flux to the surface and the surface 
shear stress can be written in the familiar form 
of the Stanton number and friction coefficient 

In these expressions, G; = g;/(l - g,), and the 
length X is defined by 

poj+, Uor2’ dx 

P&o U,r2’ 
. (17) 

The parameter K can also be written in a form 
that indicates its basic dependence on XX and 
length Reynolds number 

3. LOCAL SIMILARITY AND TRANSONIC F’LOW 

Surface curvature effects are investigated in 
accelerating flows over cooled surfaces with the 
similarity assumption i.e. u/U, = f’(r) and 
H*/~~* = g(q), for which the terms on the right 
side of equations (11) and (12) are zero and 
which implies that the coefficients on the left 
side of equations (11) and (12) are invariable with 
i_‘. Although such a situation is usually not found 
for flows over various shaped surfaces, simi- 
larity solutions are nevertheless useful since 
predictions with and without the similarity 
assumption have been found to differ by a small 
amount for accelerated flow over cooled surfaces 
where surface curvature was neglected, e.g. 
Marvin and Sinclair [6], when the boundary 
layer equations are transformed by the Levy- 
Mangler transformation as done herein. In the 
local similarity approach, a method suggested 
earlier by Lees [7] to predict heat transfer and 
later by Back and Witte [8] for accelerated 
flows with a large free-stream velocity gradient 
parameter /I, the boundary layer profiles at a 
position along the surface are assumed to be the 
same as the similar profiles that would exist for 
the local free-stream condition. 

Transonic flow is investigated by taking the 
mass flux in the external flow to be inv~iable, 
i.e. pU = (pU), since the mass flux does not 
change with Mach number at the sonic condition, 
MO = 1. The pressure gradient across the flow 
from equation (3) can then be written as follows 
by using equation (9) for the external velocity U 

8P (PW,XU, -= 
ay (1 + xy)Z ’ 

Integration of this expression across the flow 
gives the following relation 

(PWJ, 
p = - (1 + xy) + const. U9) 
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The pressure gradient along the flow is then 
obtained from this relation or from equation (7) 
as follows when the surface curvature is in- 
variable 

dP tp WOW &‘dE) -=- a< (1 + KY) 
(20) 

in the transformed coordinate. 
The calculations are carried out for a perfect 

gas with viscosity proportional to temperature 
and a Prandtl number of unity. The viscosity 
ratio is then directIy related to the tem~rature 
ratio, and thus g and f’. 

The enthalpy difference ratio G = (g - g,],’ 
(1 - g,) was introduced so that values of G 

p T 1+Y-l -+fX 
range from 0 at the surface, taken to be isother- 

_~.....__-_ 
pa r, 

maf, to 1 in the free-stream. 

The density ratio is taken to be inversely pro- 
portional to the temperature ratio, pa/p = 
T/T, and consequently C = 1, since for the flows 
considered the magnitude of the pressure change 
across the boundary layer is not large even 
though the pressure gradient is significant. The 
actual pressure variation would be less than that 
given by the following relation obtainable from 
equation (19) 

P XY 
-=l+yM&----. 
PO (1 + v) 

The form of the boundary layer equations (11) 
and (12) consistent with these considerations is 
as follows : 

4. NOZZLE THROAT 

Some idea of the dependence of the parameters 
K and /? on flow conditions and configuration 
in the throat region of an axisymmetric super- 
sonic nozzle is established by taking the external 
flow to be approximately one-dimensional for 
which < is given by 

where F+I is the mass flow rate and X is the length 
along the nozzle weighed by the viscosity in 
accordance with the transformation 

x 
< P 

FL==: ,u,dx. 
iuo . I 

0 

For a nozzle with a circular arc throat, Y, = l/x, 
the surface curvature parameter K (equation 
(18)) can be rewritten at the throat as follows 
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(22) 

The parameter K, increases as the throat 
Reynolds number decreases: it also increases 
for a nozzle with a smaller throat radius of 
curvature, i.e. smaller rC/rCh, and as the relative 
distance to the throat (jz&>,, increases. For nozzle 
shapes and flows of practical interest, values of 
K, are not large as will be seen. 

The free-stream velocity gradient parameter 
/I for one-dimensional flow is 

At the throat where the flow is sonic, #I is given by 

(23) 

The parameter fith is generally larger than unity 
and increases as rJr,,, decreases or as (Z/r),, 

increases. 
The following relations complete the specifi- 

kation of flow through a nozzle throat 

(l+~)&~ 

SC”‘-l % Y-l -- 
2 l+[(y+l)/*]*u;- y + 1 

T 
- = q [G(l - g,) + g,] - q (f’)? 
T, 

K=O 

Insertion of the preceding relations into 
equations (20) and (21) indicate a dependence 
of the velocity and total enthalpy profiles upon 
the following parameters: rc/rth, g,, y and K, B 
or (X/r)th, Re,. A description of the method used 
to solve these equations appears in the appendix. 

K=0,07 

K= 0.04 

FIG. 3. Effect of the surface curvature parameter on the velocity and total enthalpy profiles at a 
nozzle throat in the transformed plane: M, = 1, /I = 91, rJrID = 0.25, g, = @2, y = 1.2. 
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The effect of the surface curvature parameter 
K on the velocity and total enthalpy profiles 
at the throat of a nozzle of given shape, i.e. fixed 
rcir,h and /I. is shown in Fig. 3 in the transformed 
plane for a high temperature gas flow (y = 1.2) 
with wall cooling, g, = 0.2. The profiles cor- 
respond to different values of K whose variation 
is then determined by operating conditions. i.e. 
Reynolds number (equation (22)). The profiles 
for a limiting value of K --+ 0 are associated 
with an infinite Reynolds number flow and are 
identical to those profiles that have been ob- 
tained by not taking curvature effects into 
account [9J. This indeed should be the case 
since in this limit equations (20) and (21) take 
on the usual form of the transformed boundary 
layer equations, e.g. [IS]. although the external 
boundary condition, equation (14) is f” -+ 0, 
rather than f’ -+ 1. This coincidence in the pro- 
files as well as their slopes at the surface for 
K --, 0 establishes some confidence in the present 
method of numerically solving the equations. 
As K is increased, i.e. decreasing Reynolds 
number, the velocity profiles become less steep 
near the surface, although this is difficult to 
discern in Fig. 3. The total enthalpy profiles 
also become less steep near the surface as K 
increases, but like the velocity profiles, the 
relative decrease in the profile slopes at the 
surface is better seen in a subsequent representa- 
tion. In the outer part of the boundary layer the 
velocity profiles are depressed because of the 
curvature of the convex throat which reduces 
the external velocity away from the surface. 
This smaller velocity difference across the 
boundary layer is believed to be primarily 
responsible for the reduction in the slope of the 
velocity profile near the surface. 

The profiles are shown for values of K to @I 
in Fig. 3. Even though this value is relatively 
small there may be some question about retain- 
ing terms involving only x. and not x2, in the 
original equations. It turns out, however, that 
this limitation is generally within the realm of 
interest for nozzle throat flows as will be seen 
subsequently. For example, the edge of the 

velocity boundary layer 6 is about at q 1 2.9 
for the profile at K = 0.1. The ratio of 6 to throat 

fr- .> 
radius of curvature rC, S/r, = ~5 = K j (T/7;, 

dq the IC is 0.20 and (~5)’ would be 0.04.’ 
It appears in Fig. 3 that the thermal layer 

thickness 6, exceeds the velocity layer thickness 
6, more so as K increases, although there is 
difficulty in assigning specific values to either 
thickness, or for that matter the displacement 
thickness. The apparent thickeningofthe thermal 
layer as K increases probably is responsible for 
the reduced siope of the total enthalpy profile at 
the surface that is observed. The displacement 
effect is expected to be small at a nozzle throat 
because the combined effects of acceleration 
and cooling reduce the displacement thickness 
[9]. In fact, with a significant amount of wall 
cooling the mass flux through the boundary 
layer can exceed the external flow value and for 
this situation the dispfacement thickness is 
negative, as it is for the conditions shown in 
Fig, 3 for K + 0. Even for an adiabatic surface 
the displacement effect is smail in the Reynolds 
number range of interest as indicated by the 
measurements in [lo]. 

The important quantities from which the 
surface shear stress and heat flux can be calcu- 
lated-the profile slopes at the surface, fi,’ and 
G:,-are shown in Fig. 4. These quantities that 
correspond to the profiles previously discussed 
will be referred to as the friction and heat trans- 
fer parameters. Both of these parameters de- 
crease with K. Over the range of K indicated, 
the decrease in the friction parameter is not 
very much, although the decrease in the heat 
transfer parameter is somewhat larger. The 
trend whereby f;,,’ and Gk decrease with K, 
essentially in a iinear way, is consistent with 
that obtained from previous calculations for 
low speed, constant property flows over convex 
surfaces with heat transfer (Van Dyke [ 1 l] and 
Schultz-Grunow and Breuer [5]) and the recent 
survey of higher order boundary layer theory 
by Van Dyke [12]. Previous calculations for 
high speed flows over convex bodies including 
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I4 

I.2 

i 

K G,: f; 
0.5866 t,6422 

$04 05600 i.6156 
IQ O-07 0.5413 I .5969 

O*lO 0~5237 I.5791 

~~ , , , , , 

0 0.02 CM4 OQ6 0.08 O,lO 0 

Sutfaee curvnture pammeter, K 

: 

f 

1 
.I2 

Ftc;. 4, Effect of the surface curvature parameter on the heat 
transfer and friction parameters at B nozzle throat: M, = 1, 

fi = 9.1, rdr,,, = 0.25, g, = 0.2, y = 1.2. 

heat transfer, e.g. see the earlier survey by 
Van Dyke [13] (Refs. [14-191) and more recent 
calcutations [2U-22-J and the recent survey by 
Van Dyke [I Z], reveal a more complicated 

behavior that is dependent upon the many 
considerations in these analyses i.e. interactions 
with the external flow and non-continuum 
surface phenomena, in addition to longitudinal 
and transverw surface curvature? amount of 
wall cooling, and location along the body. 

To appraise the influence of throat configura- 
tion it is convenient to select a particular con- 
traction area ratio for a nozzle A, IA,, and 
contraction section length which for a conical 
nozzle with a relatively small length of throat 
section is given approximately by 

where e is the conical half-angle. The effect of 
varying the throat radius of curvature can then 
be investigated, i.e. rc/rth, at various Reynolds 
numbers or operating conditions. Table 1 gives 
the corresponding values of the parameters K 
and fl calculated from equations (22) and (23) 
for the specific values of ,4,/A, and y indicated 
(2 was taken approximately equal to x since 
these lengths would only differ by a small 
amount). The friction and heat transfer para- 
meters so obtained from the solution of the 
boundary layer equations are shown in Fig. 5 
for nozzles with a conical half angfe of 75” and 
wall cooling, g, = O-2, 

The fiction parameter is seen to increase 
significantly as the throat radius of curvature 
becomes smaller. This occurs primarily because 

Table 1. Nozzle throat ~ura~~t~rs: M, = 1, A,/&& = 10, y = I.2 

u = 75” u = 45” 

r 
B 

Re, = lo3 10s &co 
-5 

K K K B 
Re, =1 lo5 

‘In K 

a125 12.1 - Ow6 
a*25 8.54 0.38* OG38 
O”50 604 0.19 0.019 
0.75 4.93 0.13 0~013 
1-O 4.27 O-095 00095 

::; 3.49 3.02 0063 0.048 0.0063 0.0048 
~_.” .._.” ~” “...” 

* Terms involving R’ not considered, map become important. 

0 16.4 0089 
0 
0 
0 6.73 @Ofti 
0 

0 0 412 OGQ55 
-- -z- 
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-. 
‘c 

FIG. 5. Effect of nozzle throat curvature on the heat transfer 
and friction parameters at various Reynolds numbers. 

M, = 1, AJA,,, = LO. D = W, g, = 0.2,~ = t.2. 

the velocity profile is strongly dependent upon 
the free-stream velocity gradient parameter @ 
in accelerated flows (e.g. [9] wherein the free- 
stream velocity gradient parameter p is related 
to p by ,8 = [2/(y f l)]p for sonic flow). As /? 
increases, as it does with smaller throat radius 
of curvature, so does the slope of the velocity 
profile at the surface f;‘. The effect of the surface 
curvature parameter K however leads to a 
decrease in &’ for a smaller throat radius of 
curvature, but this decrease is relatively small 
compared to the increase with 19. Although the 
friction parameter does increase for a nozzle 
with a smaller throat radius of curvature, the 
result is not particularly significant, except per- 
haps for an ablative throat, since the contribu- 
tion of the viscous shear forces is usually small 
compared to pressure forces acting on the nozzle 
surface unless the Reynolds number is relatively 
low, and consequently the reduction in nozzle 
thrust wouid be smaI1. 

Of more importance is the heat transfer in 
the throat vicinity. As indicated in Fig. 5, the heat 
transfer parameter, unlike the friction parameter, 
can decrease with a smaller throat radius of 

curvature. This behavior occurs because the 
slope of the total enthalpy profile at the surface 
GL, increases much less with /? than the slope of 
the velocity profile at the surface j;,’ [9] and 
consequently at lower Reynolds numbers can 
be offset by the decrease of G:, with K as the 
throat radius of curvature becomes smaller. 
This finding is of significance since it would 
appear that the design of a nozzle with a relatively 
small throat radius of curvature would lead to 
a reduction in heat transfer at lower Reynolds 
numbers relative to that value predicted by 
not taking into account surface curvature in 
the solution of the boundary layer equations, 
i.e. K -+ 0. which corresponds to the infinite 
ReynoIds number limit. Of course, the throat 
heat flux depends on other quantities (equation 
(15)) in addition to CL, e.g. for a given stagnation 
temperature, it also decreases with decreasing 
Reynolds number or mass flux, a situation also 
found for the surface shear stress (equation ( t6) 1. 

Some support for the predicted reduction in 
throat heat transfer because of surface curvature 
is afforded by the heat transfer measurements in 
[23] which were conducted with argon (:I = $) 
at very high temperatures up to 14 0OO”R flow- 
ing through a highly cooled nozzle (g, = 0.04). 
Numerical calculations involving the viscous. 
heat conducting laminar flow equations without 
curvature terms were carried out in conjunction 
with the experiments. Good agreement was 
found between the measured and predicted 
heat flux along the conical convergent section 
of the nozzle, cs = 10”. Ai; ilf,, = 106 K = 0, but 
through the circular arc throat region (T~~Y~~ = 4) 
the measured heat flux decreased more rapidly 
than the predicted value. Application of the 
calculations herein to the throat flow. Rr, 2 
2000, 0 = 11.3 and K = 0.04. indicated a pre- 
dicted reduction in GL, of 15 per cent below the 
case of K + 0. This lower predicted value of 
G;, and thus the heat flux, is consistent with the 
trend of the data although the aforementioned 
viscous flow calculations were in fair agreement 
in magnitude with the measurements on an 
average basis through the circular throat region. 
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It should be mentioned that the magnitude of 
the reduction in G:, predicted for this nozzle with 
a larger refr, than considered in the previous 
calculations is associated with the lower throat 
Reynolds number of 2000 of the very high 
temperature gas flow (the term K (1 - 2rJrJ 
in equations (20) and (21) is apparently signi- 
ficant and depends only on Re, for a nozzle with 
a given contraction area ratio and conical half 
angle as rC/rtfr becomes larger). 

[9]. Since fl also increases with a longer con- 
traction section length, i.e. smaller cr, the heat 
transfer and friction parameters increase as 
well, but again the effect is larger for the friction 
than the heat transfer parameter. 

The calculations could be carried out for 
nozzles with other shapes of interest and be 
refined perhaps for fairly steep convergence 
section nozzles where the one-dimensional flow 
assumption used herein to explore surface 

Table 2. Heat transfer and friction parameters, Gi and f: at a nozzle throat: M, = 1, Ai/.& = 10. Y = 1.2 

- 

_ 
d = 75” (T = 45” 

rc 
rfb 

Re, = 10’ Re, = 105 Re,+co Re, = IO5 

g, = 0.2 g, = 0.2 g, = 0.6 g, = 0.2 g, = 0.2 

0.125 - 
025 O-3928 
0.50 0.4546 
0.75 0.4761 
1.0 0.490 1 
I.5 0.5014 
2.0 0.5050 

- 0.5465 1.7791 05477 3.0489 0.5935 1.8263 0.5456 19958 
14086 0.5598 1.5801 0.5851 16053 
1.2950 05622 i-4028 0.5761 1*4166 
1.2249 0.5602 1.3087 0,5969 2GI49 @5705 1.3189 05610 1.4598 
1.1786 05584 1.2465 0.5665 1.2545 
l-1122 05546 1.1650 0.5607 1.1711 
1.0644 0.5513 1.1103 0.5880 16479 0.5565 1.1156 0.5594 1.2327 

I-: 

The solutions shown so far were obtained for 
a specific amount of wall cooling g, = 0.2 and 
for a particular contraction section shape as 
specified by the conical half-angle 6. In Table 2 
the heat transfer and friction parameters are 
shown to indicate the effect of wall cooling and 
the contraction section length. These results 
obtained for a throat Reynolds number of lo5 
display the same general trends with throat 
radius of curvature as previously observed in 
Fig. 5. For less wall cooling, i.e. larger g,, both 
the heat transfer and friction parameters in- 
crease, although the effect is greater on the 
friction parameter than the heat transfer para- 
meter. This behavior is primarily associated with 
the effect of acceleration, i.e. j3, which causes a 
progressively wider variation of the friction and 
heat transfer parameters with the amount of 
wall cooling as j3 increases. At a particular value 
of p. .f;’ and GL increase with less wall cooling 

curvature effects becomes less realistic. It should 
be noted that the flow along the surface is sonic 
upstream of the physical throat, e.g. see the 
measurements in [24]. 

5. BLUNT BODY SHOULDER SOLUTIONS 

A few calculations were made in the transonic 
region for a flat-faced axisymmetric body with a 
circular arc shoulder in a supersonic flow. The 
surface pressure measurements of Marvin and 
Sinclair [6] indicate that as the ratio of the 
shoulder radius of curvature to the cylinder 
radius downstream r$R becomes smaller (O-05 
being the smallest ratio investigated) the sonic 
point moves toward the beginning of the 
shoulder section and for this situation the angle 
8 between the surface normal and body radius 
approaches 90” (Fig. 2). Therefore, the term 
1 -I- 2cost+r becomes 1 as also would be the 



1756 LLOYD H. BACK 

case since l/xr = rs/r is small. For the smallest 
value of rJR of @OS which should correspond to 
the largest effect of including curvature terms. 
the free-stream velocity gradient parameter fi 
is about 10 at the sonic condition (Fig. 3 of [6]). 
The friction and heat transfer parameters that 
were calculated by numerically solving equa- 
tions (20) and (21) for a cooled wall condition 
9, =: O-25, corresponding to Marvin and Sin- 
clair’s experiments with air with y taken as 1.4, 
are shown in Fig. 6 for various values of the 

and Sinclair’s experiments were conducted at 
only one stagnation condition. and the cor- 
responding value of K from equation (18) at the 
sonic condition for the smallest ratio of rJR = 
O-05 is @042. From Fig. 6, the reduction in the 
heat transfer parameter GL below the value 
associated with neglecting surface curvature 
effects. i.e. K -+ 0, is 9 per cent at this value of K. 
This somewhat smaller value of GL, would be in 
better agreement with the heat transfer measure- 
ments that were made (Fig. 4 of [6] for r*. R = 
(HIS) since the locally similar solutions with 
curvature terms not taken into account over- 
estimated the measured peak heat flux in the 
transonic region by about 10 per cent. This 
better agreement, however, might be somewhat 
fortuitous because of the accuracy of the heat 
flux measurements in the small shoulder region 
and the fact that the locally similar solutions 
without curvature terms were already about 
10 per cent below a more exact calculation of 
the peak heat flux that involved retaining the 
non-similar terms in the boundary layer equa- 
tions. Nevertheless, the predicted trend of lower 
heat transfer appears to be consistent with the 
measurements. 
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FIG. 6. Effect of the surface curvature parameter on the hear 
transfer and friction parameters at a shoulder of a flat faced 
body with a relatively small shoulder radius of curvature: 

M, = 1, fi = 10. g, = @25. y = 1.4. 

surface curvature parameter I(. The trend indi- 
cated in Fig. 6 is similar to that found at the 
throat of a nozzle although the reduction in 
G: for the same value of K is larger. Marvin 

6. OTHER CONSIDERATIONS 

To apply the similarity solutions to real gas 
flows with viscosity not proportional to tem- 
perature and Prandtl number not equal to unity. 
about the only heat transfer correction that 
would appear worthwhile making for transonic 
flow is to set Prw and C,,, equal to unity in the 
Stanton number relation equation (15), con- 
sistent with the present values for Gk, and then 
replace St by StPrf, i.e. 

1 G: 

Otherwise the predicted heat flux would be too 
low when the Prandtl number is less than unity 
which is the case for most gases. A correspond- 
ing correction for a more appropriate driving 
potential between adiabatic wall and wall en- 
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thalpies would be small for transonic flow. For 
example at the sonic condition, the ratio of 
adiabatic wall enthalpy to stagnation enthalpy is 
0.985 if the recovery factor is 0.83 and specific 
heat ratio is 1.2. For transonic flow, the friction 
coefficient might also be obtained from equation 
(16) as follows, consistent with the present values 
of fd’ for C equal to unity 

5_ 1 f” 

2 - (p&)~/&J+ 3. 
(25) 

These suggestions are based on differences in 
the heat transfer and friction relations that have 
been predicted (not including curvature terms) 
for real gases for which the viscosity dependence 
on temperature is usually less than linear, e.g. 
for the empirical relation p&P’, o < 1. The 
general trends whereby values of w less than 
unity lead to increases in the heat transfer and 
friction relations with wall cooling while in- 
creases in flow speed (compressibility) reduce 
the heat transfer and friction relations that have 
been found for flows with relatively small values 
of the free-stream velocity gradient parameter 
p, e.g. see Table 3 of [9], apparently also are 
predicted in flows with larger values of p such 
as considered herein as indicated by the recent 
similarity calculations in [25]. However, for 
transonic flow these opposing trends tend to 
cancel one another and apparently would not 
change the heat transfer and friction relations 
much. 

7. SUMMARY AND CONCLUSIONS 

The effect of surface curvature on the flow 
and heat transfer in laminar boundary layers 
was investigated by application of the Levy- 
Mangler transformation to an appropriate form 
of the boundary layer equations and by studying 
the effect of various parameters that influence 
the velocity and total enthalpy profiles and thus 
their slopes at the surfaceft and Gk to which the 
shear stress and heat transfer are related. 
Numerical solutions of the integro-differential 
equations were obtained for a locally similar 

sonic flow in the throat region of various shaped 
nozzles with wall cooling over a range of flow 
conditions. The velocity profiles become de- 
pressed in the outer part of the boundary layer 
because of the curvature of the convex throat 
which reduces the external velocity away from 
the surface. The friction and heat transfer para- 
meters f: and GL decrease essentially in a linear 
way with the surface curvature parameter K, 
and this change is believed to be primarily caused 
by a smaller velocity difference across the 
boundary layer and an apparent thickening of 
the thermal layer, respectively. 

Application of the analysis to nozzles with 
different throat radii of curvature indicated that 
a small throat radius of curvature would lead to a 
reduction in the heat transfer parameter at lower 
Reynolds numbers. Some support for the pre- 
dicted reduction in throat heat transfer because 
of surface curvature is inferred from the measure- 
ments in [23]. Even though the wall shear stress 
would significantly increase in a nozzle with a 
small throat radius of curvature, the reduction 
in nozzle thrust because of viscous shear forces 
would be relatively small and consequently 
not be of much importance except perhaps for an 
ablative throat. These trends arise because the 
heat transfer parameter GW is rather weakly 
dependent on the free-stream velocity gradient 
parameter /I for acclerated flows with the in- 
crease GL with /? offset by the decrease of GW 
with K. The friction parameter fi however is 
strongly dependent on /I, with the increase with 
fi overwhelming the decrease with K. Both of 
the parameters fi and GL increase with less 
wall cooling and a longer contraction section 
length primarily because of the simultaneous 
effects of cooling and acceleration. 

There however may be an increase in heat 
transfer downstream of the throat as the throat 
radius of curvature is made smaller since the 
boundary layer may be subjected to an adverse 
pressure gradient as was noted in [26] just 
downstream of the tangency of the circular arc 
throat rJr,,, = O-625 and conical divergent sec- 
tion (15 deg half angle). This adverse pressure 
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gradient which is believed to be associated with 
a compressive turning of the flow that acquires 
a strong angular motion in the small-radius-of- 
curvature throat region, can separate the boun- 
dary layer and lead to an increase in heat transfer 
downstream of the throat [3, 261. It is difficult 
to determine a precise value for rJr,,, to avoid 
this adverse pressure gradient which would also 
depend to some extent on the nozzle shape 
downstream. Available experimental informa- 
tion for nozzles with a conical half-angle of 
divergence of 15” [26-281 indicate that rc/rek 

should probably not be made smaller than a 
value of about 0.75. 

Similar trends for the friction and heat trans- 
fer parameters, i.e. their decrease with K. were 
also predicted for the analogous flow around 
shoulders of blunt-nosed bodies in supersonic 
flow. Reasonable agreement was found with the 
heat transfer measurements of Marvin and 
Sinclair [6] for a flat-faced axisymmetric body 
with a relatively small shoulder radius of 
curvature. 
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APPENDIX 

Numerical Calculations 

The coupled, integro-differential equations (20) and (21) 
were rewritten as a system of first order ordinary differential 
equations (ode’s). The following relationship illustrates this 
transformation. Let F(I) be the Ith first order ode which 
when integrated once yields the Ith component ofthe solution 
vector Y(1). Then the relationships between F(I), Y(1) and 
the original variables are given by 

F(I) 
Original 
variable Y(J) 

f = Y(l) 

F(1) = f’ = Y(2) 
F(2) = f” = Y(3) 
F(3) = f”’ ZZ 

G = 
07 Y, F ; K, B, g,, S) 

F(4) = G’ = Y(5) 
F(5) = G” = G”(rl> Y F: K, 8, g,, 5) 

where f”’ and G” are obtained from equations (20) and (21) 
respectively. The integral in equations (20) and 121) was 
replaced by introducing the following auxilliary ode 

F(6) = ;. 
II 

Since the boundary condition equation (14) is nonlinear, 
another auxiliary ode with linear boundary condition was 
introduced as follows to be able to use an existing computer 
code [29] although such a treatment is not necessary in 
general. 

-Kf’ 
” 1= Y(7) 

The problem so formulated involves seven ode’s and seven 
boundary conditions at the end points 

rj = 0: f = Y(1) = 0, f’ = Y(2) = 0, G = Y(4) = 0, 

Y(6) = Y(7) = 0 

1 = ‘I,: G = y’(4) + 1, f” = Y(3) -. Y(7) 

A value of q, = 7 was chosen to be large enough for the 
range of parameters considered, e.g. see. Fig. 3. 

The method used to solve the system of seven ode’s is a 
modified version of the standard “shooting” method. The 
method, referred to as “multiple or parallel shooting”, 
divides the problem into many problems and then solves 
all of them simultaneously. The method requires an initial 
global approximation for each component of the Y vector, 
as well as guesses for the unknown profile slopes at the wall, 
f, =f”(O) = Y(3) and C; = G’(0) = Y(5). The profiles 
shown in Fig. 3 for a value of K = 0 were chosen in this 
regard although the method is rather insensitive to the 
initial global approximation. The method proceeds by 
integrating the ode vector F from the boundary q = 0 until 
the integration of at least one component of the F vector 
becomes unstable, say at ‘1,. A variable order, variable step, 
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Adams type integrator was used [30]. At the location t~i> a 
breakpoint is inserted. A new problem is then initiated by 
using the global approximation for n 2 r~i similar to the 

? 

FIG. 7. Progressive development of the solutions: M, = 1. 
fl = 854, rjr,,, = 0.25. K = @12, 9, = 0.2. y = 1.2. 

first integration and the ode vector F is integrated again. 
This process is continued by inserting breakpoints wherever 
needed until ‘1, is reached. The goal of the “multipte 
shooting” method is to minimize the vector norm of the 

residuals at the boundaries n = 0 and q,,> and the dis- 
continuities at the breakpoints ‘1. by adjusting the initial 
profiles, i.e. the components of the Y vector. A rather power- 
ful version of Newton’s method [31] is employed to mini- 
mize the residual vector. If the initial global approximation 
to the Y vector and profile slopes at the wall are poor. the 
version of Newton’s method used will consider a rank 
deficient change to the solution vector until a change can be 
made which wit1 minimize the residual vector in a mono- 
tonically decreasing manner. The “multiple shooting’” 
method makes no distinction between errors in satisfying 
boundary conditions and in discontinuities that occur at 
the inserted breakpoints. Thus, when the largest of these 
errors is minimized with respect to a tolerance E (a value of 
10e5 was used), the method terminates. Further details on 
this method are given in [32-341 and as applied herein in 
[29]. 

An indication of how the method proceeds is shown in 
Fig. 7. The difficulty in obtaining solutions as is well known 
is associated with the momentum equation which dictated 
the insertion of breakpoints. The number of breakpoints 
was primarily dependent on the magnitude of the free- 
stream velocity gradient parameter fl, with calculations for 
larger values of /I requiring more breakpoints. In this regard 
it should be noted that there is a trade-off between the 
number of breakpoints and the magnitude of the discontinu- 
ities at the breakpoints (components of the residual vector). 
The computation time on a UNIVAC 1108 computer took 
between one to two minutes for each calculation, i.e. given 
set of parameters. Solutions could not be obtained with 
a standard “shooting method”. e.g. as used in [9] and [35]. 

COUCHES LIMITES LAMINAIRES TRANSONIQUES AVEC COURBURE DE LA SURFACE 

RCumC-L’effet de courbure de la surface (a la fois longitudinale et transversale) et de gradient transversal 
de pression associe est CtudiC analytiquement pour une couche limite laminaire soumise a des gradients 
de pression dans la direction de l’tcoulement. On considere la compressibilite et la variation des proprietes 
qui resultent du transfert thermique. Des solutions numeriques des equations de la couche limite sont 
obtenues dans le cas dun tcoulement sonique localement similaire au co1 d’une tuytre pour differentes 
conditions d’ecoulement, diverses formes de tuyeres et plusieurs taux de refroidissement par&al. Quelques 
solutions ont Bgalement Cte obtenues pour l’ecoulement autour du flanc d’un corps a face plate dans un 
tcoulement supersonique. L’effet des divers parametres qui apparaissent dans les equations trait&es par 
l’application de la transformation de Levy-Mangler est discute vis-a-vn de l’mtluence sur les profils de 
vttesse et d’enthalpie totale et sur les gradients’ parietaux de ces profils en relation avec la contrainte 
tangentielle et le transfert thermique. Une importante decouverte est que, pour des nombres de Reynolds 
au co1 inferieurs a 105, le parametre de transfert thermique decroit quand le rayon de courbure du col 

decroit. 

LAMINARE UBERSCH.~LL-GRENZSCHI~HTEN MIT OBERFLACHFNKR~~MMUNG 

Zusammenfassung-Der Effekt de; OberflLchenkriimmung (sowohl longitudinal als such transversal) und 
der assoziierte Druckgradient quer durch die Stromung wurden fur eine laminare Grenzschicht in 
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Abbiingigkeit vom Druckgradienten llngs der Striimung analytisch untersucht. Anderungen der Eigen- 
schaften, die aus der Warmetibertragung und der Kompressibilitiit resultieren, wurden in die Betrachtung 
einbezogen. Numerische Liisungen der Gr~~~chtgieich~g~ wurden f”r die lokal Hlmliche Schall- 
striimung durch die E~~tt~ffnung einer D&e, fiir eine Reihe von S~~rn~gs~rn~g~ und ftir 
verschieden gestaltete Diisenoberfhichen mit unterschiedlichen Werten der Wandk~hlung, gewonnen. 
Einige Losungen wurden such fiir die analoge Stromung um den Bug einea ebenen K&pets in einer 
Uberschallstriimung gewonnen. Der Effekt von verschiedenen Parametem in den Gleichungen, herriihrend 
aus der Anwendung, der Levy-Mangler-Transformation, wurde untersucht und diskutiert, wobei ihr 
Einfluss auf die Geschwindigkeitsprofile, die Profile fiir die totale Enthalpie und die korrespondierenden 
Profil-Neigungen der Oberthiche, auf die die Schubspannung und die W2rmeiibertragung bezogen sind, 
beachtet wurden. Wesenthch ist ftir den Fall, dass die aufdie Eint~tts6ffnung bezogenen Reynolds-Zahlen 
kieiner ah 10’ sind, dass der W~me~~rtragungs~ramet~ fiir den Diisenhals wie der ~intrit~~~nungs- 

radius der Kurvenform abnimmt. 

OHOJI’ZBYKOBbIE JIAMHHAPHbLE HOl-‘PAHB=IHblE CJIOH HPH HAJIHYBH 
HPHBHBHbI HOBEPXHOCTM 

AHH~a~~-AHa.?BTBYeCKB ~icc~e~yeTc~ B~u~n~e KaK np~~o~bHo~, Tau n ~onepeqH0~ 
KPliBIl3Hbl IlOBepXHOCTH El CBR3aHHOrO C HeZi rpa&HeHTa &iBJleHHR IIOEepeH IIOTOKa Ha 

JIaMMHapHblfi ElOrpaHAYHbI$i CnOfi, KOTOpblti iIORBepraeTCfI B03EeflCTBHK) llpOEOJIbHOr0 

rpannenra aannenns. YunrbruaeTcn n8Menerine napawerpos, BbtabmaeMoe nponeccaus 
IIepeHOCa TenJIa B CHWMaeMOCTB. nOJIyqeHb1 YACJleHHbIe pOI.lIeHHH ypaBH@Hd IlOrpaHIlYHOro 

CJIOR lip&f JlOKaJlbHO aBTOMO$(eJIbHOM 3ByKOBOM TeYeHMB YOpe3 KpRTHYeCKOe Ce'IeKIle COnJIa 

zzK pnna yC,?OBMIY[ Tegeiikw H paannsarzx Qopu nonepxuocTet4 conaa c paannseol cTenenbro 
ox~a~AeH~KCTeHK~‘~o~y~eHoTaK~e HeC~O~bKO pe~eK1~~ &lR aKa~or~~~o~o~BepX3ByKO- 

Boro 06TeKaHw KpoarKtt nonepew 06Ter~aeMoro Teaa. PiccnenyeTcis BzuzfH8se paanwiKHx 

IIapaMeTpoB, lIOFIBJUiK)I&kIXCR B yBaBHeHMrrx B peaynbTaTe npaMeHeHMR. npeo6paaoBaKKu 

.~eB~-~a~r~epa,mpaCCMaTp~BaeTCK~XBn~~H~eHanpO~~ntr~KOpOCT~~nO~HOZtanTanbntl~, 

a TaKWe Ha KanpKmekuIe TpeKHK M noTo Tenna sepea cTeHHy. CAenaH sa~wd B~IBOR 0 

~0~6 YTO II~M aHa9eHnHx YwIa PetiHonb~ca MeKbwe lo6 napaMeTp Tennoo6Mena B KPHTH- 

VeCKOM CeVeHiWI COI'IJia yMeHbLIlaeTCfi 110 Mepe ,VMeHbWeHllK PaAtIyCa er0 KpIIBII3HbI. 


